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Abstract. Phase formation processes in Bi-Te system have been investigated by
kinematic electron diffraction method. It is established that Bi 2Те3 and BiТе phases
were formed on condensation plane in amorphous and crystallin state, respectively,
at simultaneous and at consecutive evaporation bismuth and tellurium, irrespective
of the order of evaporation of components. Amorphous Bi2Те3 phase is stable at
room temperature and crystallize at 423K temperature. It is shown that ordering of
BiТе phase is not result in ordering of atom structure and is dependent real
structure. Kinetic parameters of crystallization of nanothick amorphous Bi2Те3(Se3)
films are determined. On experimental results it is defined that crystallization
kinetics of Bi2Se3 occur in accordance with Avram-Kolmogorov law and is
described by the analytic expression of Vt=Vo[1–exp(–ktm)].
Keywords: phase formation, amorphous layer, infrared, crystal, compounds

1. Introduction
In works [1-5] on investigations of phase equilibrium in Bi-Te system the obtained
results are not in agreement with one another and available discrepancies are
especially connected with the region of a phase existence and type of state diagram.
By microscopic and roentgen investigations and study of electro-resistance,
thermal power, magnetic susceptibility, Hall effect and hardness Bi 2Te3
composition phase existence with wide range of homogeneity of the given phase
has been established. Bi2Te3 homogeneity boundaries according to the work [3] are
at 36-40 and 53-55 in weight percents (48-52 and 65-67 at. %) of Te. In Bi-Te
alloys except solid solutions forming by one of the components (Bi) in Bi 2Te3 there
a
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has been found out NaCl – typed cubic phase BiTe with a=0,647nm SSC B1. All
alloys of Bi-Te system according to [1,4] are the alloys of changing composition
therefore the problems of production and investigation of thin film specimens
being as microstructural objects with their evaluable physical properties in massive
specimens require the study of the given system compounds during their thermal
treatment. Of scientific interest is the study of widening field of use of this system
compounds as infrared radiation detectors, thermo-generators, power sources of
space technology self – contained systems and implanted cardio stimulators [5-8].
In papers [9-12] there has been mainly considered the film formation of individual
compounds of Bi-Te system with different orientation of dice. In [10,11] it is
shown that films 30nm in thickness forming on previously heated different
substrates up to 473K are texturized. With the increase of film thickness and
substrate temperature texturization has been disturbed. By Bi2Te3 conversation on
NaCl substrate at room temperature fine-grained polycrystalline structures have
been formed [12]. Laser evaporation of Bi2Te3 on mica at T=623K leads to the
strict orientation of (0001) Bi2Te3 || (0001) – typed mica crystallites. Conditions of
single crystal film production are established in [12].
However, the problems of phase formation on Bi-Te - based system compounds are
not under consideration and data on phase transitions in thin layers in works which
reference has rather a big number of titles are completely lacking. Method of
kinematic electron diffraction examination can be the most productive problems
referred to component solubility in Bi-Te system compound and also problems of
phase formation and phase transformations in mentioned system. In present paper
phase formation with different substructure because of reactions and processes of
Bi-Te system nano-dimensional vacuum condensate interactions and kinetics of
phase transitions in Bi2Te3 thin layers have been studied.
To establish conditions of phase formation in Bi-Te system investigations have
been carried out on films obtained by simultaneous and subsequent evaporation in
vacuum ~10-4Pa of individual components of bismuth and tellurium from two
sources. Evaporation sources spaced at 120mm are composed of tungsten conical
helixes. Freshly spalled crystals of NaCl and amorphous celluloid at room
temperature are served as substrates. In this case on condensation plane the layer of
films ~25nm in thickness has been formed. To get a full insight of phase
composition in intimate range of temperatures and concentrations the obtained
samples have been investigated at different temperatures: from room temperature
and above. It has been carried out by method of kinematic electron-diffraction
examination [13], by survey of a series of isothermal electron diffraction patterns.
By electron diffraction patterns like these phases composition of specimen at any
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temperatures is determined and several isothermal cross-sections of region
“composition-temperature” are derived.

2. Result and Discussion
Specimen analysis obtained by binary field method shows that there have been
formed several regions on condensation plane (fig.1): region of Bi 2Te3 composition
compound, region of pure face-centered cubic phase BiTe with periods established
in [3] and region of their mixture in the immediate vicinity of pure compounds.
Resulting films as viewed from Te sources are amorphous which crystallization
allows them as thin layers of Bi2Te3 composition to be identified. Substantial extent
of resulting phases on condensation plane is likely to be related to big mobility of
Bi atoms in molecular beam during the evaporation, concentration compensation
by their migration on condensation plane. Electron diffraction patterns obtained
from films being immediately below Bi and Te sources involve lines of pure
unreacted chemical elements.
As it is known a big body of fundamental results obtained from experiments on
phase transformations, i.e. continuous or jump-like change of energy, high or low
value of activation energies essential to complete process of phase transition and its
rate are due to thermodynamic lows. An understanding of many experimental facts
observed at phase transition involves two types of phase transitions: reconstructive
one and transitions of shift type. By the first one two structures going into each
other or states (amorphous or crystalline) are guide different. In the second case
one structure is different from another by small shift of one or a big number of
atoms in crystalline lattice. Complicity of kinetics study of amorphous film
crystallization processes is that mechanism of new phase dice formation and their
further growth is unknown which data can be obtained later due to establishing
time-temperature dependencies of thin amorphous layer crystallization. Kinematic
electron – diffraction examination featuring processes of phase transformations in
Bi2Te3 compound plays a decisive role in studying these problems.
Distinctive kinematic electron diffraction pattern derived from Bi2Te3 films is given
in fig.2. Fragment “a” comprises 2 parts: the first part of electron diffraction
pattern appropriate to room temperature falls into blurred diffraction lines being
indicative
of
film
dispersity.
Amorphous
phase
with
values

S = 4 sin /  = 19,3;

27,67;

37,16nm−1 , corresponding to diffusion

lines on electron diffraction patterns at temperature 423K goes into polycrystalline
state.
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Figure 1. Diagram of Bi-Te binary field distribution.

Figure 2. Kinematic electron diffraction pattern evidencing transformation of
amorphous phase Bi2Te3 into crystalline one.

Crystallized phase Bi2Te3 is stable and further annealing at 523K and above for 45minutes and more does not lead to any fixed structural changes. To describe
kinetics of growth as in the case of constant rate of new phase nucleus generation
and their subsequent growth about statistical behavior of overlapping nucleus of
growing phase as in intermediate cases (decreasing rate of generation) kinetic
equation [14-15] is general

Kinetics of Crystallization of an Amorphous Film of Bi2Te3 (Se3)

Vt = V0 [1 − exp( −kt m )]
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(1)

where Vt is the fraction of substance volume, undergone transformation to instant t;
V0 is the initial volume, k – constant of reaction rate. Magnitude m is variable for
dissimilar possible types of transformations and depends on growth dimension. On
the base of m exponent magnitude, one can conclude of possible mechanism of
transformation. However, should be noted that to gain reliable results one must
have accurate experimental data about magnitude Vt.

Figure 3. Kinetic crystallization curves of amorphous Bi2Te3. Values of Tcryst: 1423K, 2-438K, 3- 453K

To establish kinetic parameters of Bi2Te3 amorphous film crystallization there have
been obtained isothermal kinetic electron diffraction patterns at 423, 438, 453K.
Line intensities of growing crystal phase Bi2Te3 corresponding to different instants
of time have been determined micro photometrically on the base of micro
photograms of kinematic electron diffraction patterns. Diffraction line intensities
with Miller indices (1120), (2240), (3030) of crystal due to annealing time have
been determined. Within temperature range under investigation there have been
plotted kinetic crystallization curves of amorphous Bi2Te3, i.e. dependence of
Bi2Te3 crystallized portion volume on time at different temperatures (fig.3).
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There have been plotted dependencies ln ln

V0
V0 − Vt

on ln t for temperature 423,

428 and 523K (fig.4). For all temperatures experimental points fall on straight
lines. Value exponent of m in equation (1) defined from the slope of straight lines
given in fig.4 appears to be close to three (m=2,82; 2,91 and 2,98 for 423, 438 and
453K, respectively). At indicates that in the case of Bi2Te3 amorphous film
crystallization within temperature range under investigation two-dimensional
growth of dice has been taken place. In the given case constant k being included in
2
equation (1) is equal to 1 / 3 3 p . Here  3 is the rate of crystallization center

formation has been determined as the number of nucleus changing into
crystallization centers in per unit of time in unit of metastable phase volume;  p is
the linear crystallization rate defined as the rate of graving center linear dimensions
changes in new phase [14-15].

Figure 4. Dependence ln ln

V0
on ln t for crystallization.
V0 − Vt

On the base of mentioned data there has been plotted diagram of ln K dependence
on reverse temperature which appears to be linear. Dependence like these points to
the fact that rates of nucleus generation and linear growth of dice can be described
by Arreniuns - typed expression
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ln K = A −

1
( E3 + 2 E p )
RT
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(2)

where E3 is the activation energy of nucleus generation; Ep is the activation energy
of die growth; R is the universal gas constant; A is the constant temperature –
independent.
By slope of straight line of ln K dependence on 1/T there has been determined
total activation energy of crystallization being to 75,5kcal/mol. Activation energy
of nucleus generation E3 calculated by slope of straight line of dependence 1 /  on
ln t (  is the experimentally observed time of crystallization onset – incubation
time [18] established by isothermal kinematic electron diffraction patterns obtained
at T423, 438 and 453K) appears to be equal to 28,7kcal/mol.
As it is seen from fragment “b” thermal treatment of film for 30min. at temperature
573K brings about re crystallization of object and diffraction field lines on electron
diffraction patterns become sharper: there has been taken place further coarsening
of dice. Set of diffraction lines (fig.2 fragment “b”) on electron diffraction pattern
from discrete part (fig.2 fragment “c”) on the base of hexagonal syngamy Bi2Te3
5
with periods of elementary cell of crystal lattice a=0,438; c=3,05nm; SSC D3d
and
agree with data [16]. Annealing of thin films at T  423K leads to appearance of
additional, very weak lines in intensities on electron diffraction patterns.
Appearance of new lines is likely to be related to the process of ordering as there
have been remained main diffraction lines of initial face-centered cubic lattice.
Ordered phase is stable at T 503-523K which line intensity line increases with
temperature rise of thermal treatment. Since additional diffraction lines which
intensity reinforces with temperature rise and become sharper, indexes with the
periods of FCC lattice as well it should be suggested that ordering is due to the read
structure of object, die coarsening and is not the result of atomic ordering of
structure.
Electron-microscopic investigations also allow microcrystalline structure of Bi2Te3
hexagonal phase to be revealed and first be observed (fig 5.)
It is revealed that in thin layers crystallized on different single crystal (NaCl, KCl,
LiF) and isotropic substrates (amorphous celluloid) in the case of Bi2Te3 hexagonal
phase formation the orientation by plane ( 1120 ) or ( 1010 ) parallel to substrate are
always dominated.
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Figure 5. Microcrystalline structure of Bi2Te3 hexagonal phase.

In paper [17] similar orientations have been established for TlS, TlS and TLTe
composition compounds by their epitaxial growth on NaCl and KCl single crystal
substrates, respectively.
Phase formation processes in Bi-Se system films have been investigated in [18]
which results are generalized in fundamental work [19]. It is established that by Bi
deposition on Se thin layer due to reactive diffusion between them the moment
Bi2Te3 composition compound in high disperse state is formed. No prolonged
annealing of films at temperature 473K promotes die coarsening and leads to
sharpness of diffraction reflections. By further annealing of Bi2Te3 in vacuum there
has been volatilized the part of Se atoms having weak bond in crystal lattice hence
BiSe is formed.
According to [18-19] processes of Bi2Te3 lattice rearrangement in BiSe lattice can
be explained from structural point of view: the base of Bi2Te3 compound structure
comprises 9 – layered rhombohedral packing of the atoms where 2/3 octahedral
vacancies are occupied by Bi atoms.
…/AcBAcBaCBaCbACb/A…
Atoms of Se and Bi are the capital and small letters, respectively. The shortest
interatomic distances in Bi2Te structure where two layers of occupied vacancies
alternate with one layer of free ones are the following:
Se – Se = 0,330nm; Bi – SeI = 0,307nm; Bi – SeII = 0,299nm.
Selenium with selenium (AC, CB, BA) has a weak residual bond as a result the
part of Se atoms related to one another weakly by compassion volatilizes and
rhombohedral crystal lattice with periods a=0,9832nm, a=24010’ with space
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symmetry of crystals (SSC) R3m − D35d rearranges in hexagonal lattice of BiSe
with periods a=0,418nm; c=2,28nm; SSC P3m − D35d R.
However, it should be noted that in [18-19] there have not been established
regularities and kinetic parameters of Bi2Te3 film phase transformations and
dimension of growth of resulting dice is not revealed.
Unlike typical electron – diffraction examination high – energy electron diffraction
which allows only discrete electron diffraction patterns from diffraction field to be
taken, kinematic electron – diffraction examination allows all intermediatelyprimary and forming on their basis the secondary phases generating due to phase
transformations taking place because of artificial ageing of thin film to be fixed, i.e.
by temperature rise and film annealing. In the case of kinematic survey diffraction
field near the camera of electronograph closes flaps with narrow horizontal slit in
the middle, as a result on the moving photographic plate with certain velocity
instead of typical electron diffraction pattern in the form of concentric rings,
electron diffraction pattern from the polycrystal there have been derived straight
lines. By kinematic electron – diffraction examination for thin films of any
compound there has been achieved and determined stationary values of activation
energies necessary for completion of phase transitions when all the material of one
or another compound taken place in the process goes from amorphous state into
crystalline one or from one crystalline modification into another one.
Complicity of kinetics study of phase transformations in films is that it is often
unknown mechanism of given processes, the data about them one can obtain by
determining temperature – time dependencies, i.e. by establishing relationship
between fraction of volume V and time of transformation t which defines both
physical and chemical kinetics of any process.
As Bi and Si in vapor elasticity differ sharply from each other in order to obtain Bi
– Se system alloys by method of simultaneous and consecutive evaporation of
components of given system there have been previously set spaced at the height of
70mm above the condensation plane and behind each other at a distant of 100mm
are as sources of evaporation. Amount of evaporated Bi and Se is 18,5 and
8,4mgm, respectively. Freshly spalled single crystals KCl are as substrates.
Electron diffraction patterns taken from films formed on the condensation plane by
simultaneous evaporation of Bi – Se system components show that resulting films
in the collector with big content of Se are amorphous and contain diffusion haloes
with values S = 4 sin /  = 14,14;
20,46;
30,34;
35,88nm−1 .
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These objects after annealing for 10minutes at T443K go into polycrystalline
states, there have been observed sharp diffraction lines being among Bi2Te3 on
electron diffraction patterns.
By further annealing at T468K polycrystalline compound for 5 minutes it
undergoes phase transformation and BiSe compound has been formed.
Electron diffraction patterns obtained from films condensed on substrates being in
various points of condensation plane show only the presence of Bi2Te3 amorphous
phase, although in composition presence of BiSe can be expected. Portions of Se
and Bi remain free and on electron diffraction patterns from films being on
substrates placed immediately under the sources of evaporation there have been
seen diffusion haloes and sharp diffraction lines being among Se and Bi,
respectively.
By Bi condensation on Se layer and in the case of Se deposition on Bi only Bi2Te3
compound is formed. Bismuth selenide of BiSe composition has not been formed.
In both cases portions of Se and Bi as well as in the case of simultaneous
evaporation of Bi and Se from two sources remain free unreacted. Selectivity at Bi
– Se system phase formation can be explained by chemical bound between the
components of the given system and as neutral atoms or ions of Bi have a bigger
atomic weight than atoms of Se, by evaporation they have a bigger kinetic energy
which are sufficient only for Bi2Te3 compound.
To establish kinetic parameters of Bi2Te3 amorphous film crystallization in 30nm
thickness and Bi2Te3 - BiSe –typed phase transformation isothermal kinematic
electron diffraction patterns at T463; 478; 488 and 498K have been obtained. On
kinematic electron diffraction patterns taken from films thermal-treated by special
furnace in in the column of electronograph immediately during the survey it is seen
that diffusion likes referring to the amorphous phase disappear and there have been
appeared diffraction reflections of crystalline Bi2Te3 which on expiration of certain
time go into BiSe. One of these kinematic electron diffraction patterns taken at
T498K is given in fig.6.
Line intensities of growing crystal phase with Miller indices (202); (223); (324);
(334) corresponding to various instants of annealing are determined
photometrically. Transition from values of intensity to the amount of crystallized
substance have been carried out by normalization providing that in kinematic
approximation according to the work [20] intensity of electron scattering is
proportional to the volume of scattering substance and local intensity of Debye ring
falling at a small fragment  has the formula

Kinetics of Crystallization of an Amorphous Film of Bi2Te3 (Se3)
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P
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2

I hkl

(3)

Figure 6. Kinematic electron diffraction pattern taken at T498K
here I0 is the intensity of primary beam radiation,  is the electron wavelength, 
is the structure amplitude of diffraction reflection which is in kinematic
approximation is determined from atomic scattering factors,  is the volume of
crystal lattice elementary cell, V is the irradiated volume of polycrystalline
specimen, d nkl is the interplanar distance,  is the small fragment of Debye ring;
P is the factor of diffraction reflex amplification regularity, L is the constant of
the instrument which is defined depending on applied voltage of accelerating
electrons.
During kinematic survey of magnitude values including in the right part of
equation (3) remain constant except V. Intensity of diffraction reflection with
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indices hkl providing of I0 and L according to (3) is proportional to irradiated
volume of polycrystal, i.e. I hkl ~V.
Consequently, from kinematic electron diffraction pattern by determine change of
line intensities one can find out the change of substance amount undergoing phase
transformation. As it is mentioned above the kinetics is described by formula (3) in
the case of three-dimensional growth of dice (  = 2 / 3 ) but if the centers of new
phase grow in the form of two-dimensional formations (  = 1 / 2 ) for the volume
of transmuted substance to instant t there has been held true the formula

Vt = V0 [1 − exp( −0,8 3 A 2 t 3 )]

(4)

where A is the product of form factor into the linear rate of growth ( k s   p ) (fig 7.)
There have been plotted dependencies ln ln

V0
on ln t (fig.8) for T463, 478,
V0 − Vt

488 and 498K. For all temperatures experimental points fall on straight lines. Value
of exponent m in equation (3) derived from slope of given straight lines appears to
be close to four. It indicates that in the case of Bi2Se3 amorphous film
crystallization within the investigated temperature range three- dimensional growth
of dice has been taken place. On the given case including in formula (3) constant

1
k = 3 3p . Here 3 is the velocity of crystallization center formation which
3
defines as the number of nuclei transforming into the centers in per unit of time in
unit of metastable phase volume;  p is the linear rate of crystallization defined as
the velocity of new phase growing center linear size change.
Taking into consideration that 3 and  p obey Arrenius equation we take

ln k = A −

1
( E з + 3E р )
RT

(5)

i.e. total activation energy of crystallization process comprises of two components:
Etotal=E3+3Ep where E3 and Ep are activation energy nucleus generation and dice
growth, respectively.
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on ln t (fig.3) by the slope of

straight lines which are plotted on the base of kinetic curves of crystallization
(fig.2) appears to be the following:
Т,К
Lnk

463

478

488

498

-19,2

-16,5

-13,4

-10,2

Figure 7. Crystallization isotherms of amorphous Bi2Te3

Diagram of the dependence ln k on 1/T is linear. By the slope of straight line of
the given dependence there has been determined total activation energy of
crystallization equal to 87,3kcal/mol.
Determined total rate of crystallization on tangent angle slope to kinetic curves
from the dependence ln  on 1/T there has been established activation energy
equal to 28kcal/mol that is corresponding to activation energy of nucleus formation
E3. Activation energy of nucleus formation E3 calculated by the slope of straight
line of the dependence 1 /  0 on ln t (where  0 is experimentally observed time of
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crystallization onset - on electron diffraction pattern) are also equal to 28kcal/mol.
Activation energy of die growth Ep derived from relationship Ep=(Etotal-E3)/3 is
equal to 19,4kcal/mol.

Figure 8. Diagram of dependence ln ln
3.

V0
on ln t
V0 − Vt

Conclusion

Crystallized phase Bi2Se3 is unstable and further annealing on expiration of certain
time leads to Bi2Se3 → BiSe transformation. As it is seen on the kinematic
electron diffraction pattern (fig.1) the further thermal treatment of film brings about
recrystallization of Bi2Se3 films and continuous registration of phase transformation
by kinematic survey allows decrease of Bi2Se3 initial phase reflection intensity and
rise of growing BiSe to be followed.
To plot kinetic curves along with diffraction lines of decreasing phase Bi 2Se3 there
have been also analyzed isolated lines of growing hexagonal phase BiSe not
coinciding with lines of Bi2Se3 just reflections ( 1230 );( 3250 );( 3361 );( 4263 ). By
micro-photogranes intensities of analyzed lines at various instants are determined.
Going from intensity to volume by normalization there been plotted isotherms
which correlation with analytical expression of kinetic curves of phase
transformations (4) shows that better correlation is at m=3, i.e. there has been taken
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place two-dimensional growth of dice and for the volume of transmitted substance
to instant t expression (5) is held true. Total activation energy of phase
transformation, i.e. Etotal=E3+2Ep estimated by linear dependence ln k on 1/T
appears to be equal ~125,5kcal/mol. Value E3 calculated as well in the case of
crystallization of amorphous Bi2Se3 from dependence 1 /  0 on ln t appears to be
equal 37,3kcal/mol. Determined from relationship Etotal=E3+2Ep activation energy
of die growth is equal to 441kcal/mol.
Thus, the use of kinematic electron – diffraction method along with the
investigations of phase formation in Bi-Se system offer scope for following both
phase transitions and establishing as kinetic parameters of Bi2Se3 amorphous film
crystallization as Bi2Se3 → BiSe phase transformation.
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Integration of Subjects Based on Educational
Technopark
EtibarRzazadeh
OdlarYurdu University, Baku, Azerbaijan
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Abstract.The Leading Techno parks should play a leading role in the creation,
testing and implementation of innovative teaching methods and technical tools in
terms of their foci and key features. Many organizational and technical problems
that are essential for the teaching of subjects such as foreign languages and
computer sciences can be optimized and efficiently enhanced through the education
technology park. The constraints of these subjects, overlapping problems in
engineering and characteristic difficulties make them integral. Mutual lexical
enrichment and similar logic methods require that these subjects be used together
with the technical means of the TP, the combination of methodological means and
teacher effort.
Keywords:Techno Park, foreign language, teaching aids, methodology, integration

Introduction
The demands of the modern specialist expanding and becoming more complex are
increasingly covering knowledge and skills from related branches of science and
technology. The newest tool in the matter of diversifying training of technical
personnel is the educational techno park (TP) with its wide and mobile possibilities
of experimentation and attraction of the newest methods and technical means in
solving all sorts of problems. With increasing requirements for education, such
opportunities are increasingly in demand in the learning process. One of the main
problems facing the modern university is the expansion of opportunities for further
employment of its graduates. The collected experience at the University of OYU
shows that students and graduates trying to enhance their attractiveness for a
potential employer turn to paid course services outside the University. In 85-90%
of cases, this is a course in computer science and English. Without considering the
quality and effectiveness of such "post-production" courses in this material, one
should point out the need to analyze the situation from the point of view of
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university education itself. Undoubtedly, this situation casts a shadow on the
university programs, lowers the prestige of universities, which in turn makes them
less attractive for students. The solution of the problem lies in the field of raising
the level of teaching of the above disciplines, including using methodological and
technical innovations. Observations provide grounds for asserting that increasing
the level of knowledge in English leads to a marked improvement in the level of
knowledge in technical fields. For example, on the Internet you can find many
English-language teaching free courses, which computer science teachers
recommend as additional training material. At the same time, the corresponding
paid online courses provide an opportunity to receive an international diploma - a
solid application to CV. Proceeding from the well-known thesis that the computer
is technical, and English is the communication vector of globalization, the idea of
the necessity of uniting the efforts of the university in these directions naturally
arises [1]. In pedagogical science, the fact that the learning process of a foreign
language is much more effective in an environment close to the real conditions of
professional activity is considered proven. As noted in the National Report of the
Russian Federation "On the policy in the field of education and BAT", the rate of
mastering grammatical structures and the accumulation of vocabulary when
learning a foreign language by computer increases by 2-3 times. Hence, for the
successful perception of knowledge of a foreign language, it is necessary to
simulate a situation in which the language from the object of study becomes a
necessary tool in the preparation, implementation and presentation of the results of
technical tasks. And such a model exists - the technopark, with its multi-faceted
possibilities, suggests itself as a platform for the integration of various subjects.
One of the important tasks of the educational TP, the creation of new technical and
methodological teaching aids. Here, naturally, new ideas, technical developments,
software products flock [6]. In the conditions of TP, the artificial "learning" of the
language is completely excluded, replacing it with the natural, including its
subconscious perception. The chosen criteria successfully fit the situation of joint
training to a computer and English on a single territorial and organizational space,
where the language is an indispensable tool for mastering computer knowledge.
And accordingly, the perception of the English language occurs in a familiar,
spiritually close environment for future techies. Necessity of English for students
of technical specialties is caused both by specificity of used text materials, and by
needs of communication in adjacent educational and creative groups. According to
statistics, more than 75% of orders in the field of software come to specialists of
the post-Soviet space from foreigners, and almost all customers prefer to
communicate in English. [2] In fact, it is very difficult to navigate in IT without the
ability to read English texts. Advanced IT information should be sought on English
resources. With modern development speeds, timely, high-quality translations and
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publications of advanced scientific and technical literature in national languages
are extremely difficult. The situation is complicated by the existing confusion in
the issues of terminology in the national languages. It is enough to point to the
ongoing discussions on the use of some basic computer terms in the Azerbaijani
language (select, mouse, prognosis, access, etc.). The disputes between supporters
of the enrichment of the language by neologisms and supporters of the creation of
new words-terms based on their own vocabulary of language do not subside. The
use of English in teaching basic definitions and concepts also facilitates the process
of teaching the basics of computer science, excluding interlanguage problems.
Training of specialists with a good knowledge of the language on which computer
terms are created should change the situation in favor of correctly included
neologisms in the language.

Result and Discussion
You can list several factors reflected in the literature, making it necessary for a
serious study of English for future IT professionals:
•

•
•

•

•

•
•

•

Reading technical documentation: With the TP example it can be argued that
it is often necessary to order equipment (less often software products) from
abroad. In this case, all reference materials, equipment description and
technical specifications are written in English.
Understanding terminology: All widely used modern programming languages
are based on keywords in English.
Selection of development tools: Although in some of them there is a Russified
interface, at the current level of education in schools with a national language,
English becomes preferable.
Communication with clients: Many foreign companies use the services of
local specialists. And without a good command of the language to understand
the needs of customers is impossible.
Study of professional literature: The newest books and articles in the IT field
are published in English. To constantly be aware of all news and updates
professionals need to get acquainted with foreign publications.
Visiting international online courses and webinars.
Finding solutions on the World Wide Web: Engineers, periodically
encountering complex tasks and non-standard problems, find solution hints in
the English-speaking part of the Internet.
Chance to get a job abroad: It's no secret that almost all IT giants are in the
US. But even in techno-cities that are rapidly developing in the "third"
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countries, the language of science and communication is English. Such firms
constantly require competent specialists, certainly with good English [4].
There is a double benefit from the integration of English and computer science
subjects, which is also conditioned by the efforts of teachers of different
specialties. For an English teacher, the conditions of the TA create favorable
opportunities like - to study a new teaching methodology, get acquainted with
innovative, technical teaching aids, including robotics and independently pass the
qualification upgrade, without detaching from work and without purchasing
expensive equipment. This raises many questions of the type,
- how to use the potential of information and communication technologies for the
development of the communicative competence of learners in another language;
-how to introduce in the lesson of the English language the new technological
means optimally and organically, giving the occupation entertainment, emotional
coloring and without breaking its logical structure [8]?
We should point out the need for some additional efforts for such joint work:
•
•

•

•

•
•

Creation of essentially new teaching methods qualitatively different from
traditional.
It is necessary to distinguish a set of IT-themed verbs, as well as other
frequently used words related to the Internet, hardware and software, which
must be studied first.
One should proceed from the fact that the strengths of techies are logical
thinking: grammar should be presented as a logical structure. It will be easier
for tech students to learn English for IT, since they already have some
vocabulary base. When studying words, one must pay attention to the fact that
many familiar "technical" words have other meanings in common-spoken
English.
Special selection of teaching staff. Teachers with a hackneyed, traditional
teaching method do not easily adapt to a new situation that is not characteristic
of them. Hence, a choice of more plastic, mobile, innovative teachers is
needed, ready to teach new, sometimes, fundamentally unfamiliar material.
Additional preparatory work on program subjects, tests, etc., adaptation and
integration of existing teaching tools.
Creation of new, bi-directional training materials. In this case, training
manuals should be prepared anew. This is due both to new tasks in the new
environment and to the well-known speed of innovation in computer science.
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Preparation of visual aids reflecting, on the one hand, the current state of
computer areas and, on the other hand, parallel to computer, consistently more
complicated language material.

At the same time combining computer lessons with fastening of conversational
English skills is alsoeffective because training a computer involves:
•
•

mastering of technical terms included in the university course of programs
The Internet makes necessary language knowledge in such sections as:
•
•
•
•
•
•

Mastering program languages and tools for generating websites
information search
social networks
E-mail
professional slang
Skype, etc.

The vocabulary of English used in such occupations should be wide enough,
therefore, the student receives not only the necessary computer knowledge, but also
a useful versatile language practice. Simultaneously, in English lessons texts,
winged phrases, proverbs and other similar educational materials are built with the
expectation of students of technical specialties, selected from the corresponding
near-scientific literature and technical environment.
The literature considers such factors, which should be borne in mind as additional
advantages of teaching computer literacy in conjunction with a foreign language:
•

•

•

•

comprehensive development of the student: a young person does not become
isolated in the technical tasks of the technopark. Together with a foreign
language, tasks of a new type are received, and against the background of a
common problem, elements of a foreign culture are more easily perceived.
Additional stimulation for language learning: working with technical
documentation and communicating with foreign students entering creative
groups makes the knowledge of a foreign language necessary
fascination: lessons in the educational technopark are more interesting,
simultaneously different directions for the student open at the same time:
information technologies, including hardware and software on the one hand
and the most popular foreign language on the other;
Saving time: the student simultaneously receives both computer and language
knowledge, passing from one subject to another, without leaving the natural
environment;
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Efficiency: as is known, the homeland of personal computers, operating
systems and most programs studied in the university are English-speaking
countries. Accordingly, most of the terms are borrowed from English and it is
logical to study them in the original language;
Practicality: most programs, and especially the manuals for working with
them, are not translated into national languages and therefore you can work
with them only in the English interface;
Profitability: there is no need to hire expensive tutors for students who are not
able to independently understand the difficulties of the echoing objects.

One should also bear in mind the weaknesses of representatives of technical
specialties: Uncertain knowledge of grammar - in technical texts, as a rule,
complex terminology is used, but very simple grammatical constructions, therefore,
grammar is not given due attention. The task is solved by studying language
constructions and performing practical exercises on professional topics. The
language barrier is the limited or total absence of conversational practice. The
practice of speaking in class must solve this problem. Hearing barrier:
programmers rarely must perceive information in English by ear, so there are
problems with understanding the speech of the interlocutor. [5] The work with
audio materials, in the creation of which the students themselves take part in
practical classes in TP, can get rid of this. It is possible to point out the problems
that are typical for our republic now: As most specialists (Prof. Ramin
Mahmudzade and others) point out, there are problems in computer training in
schools, caused by organizational shortcomings [7]. (when enrolling in a
university, students are "traditionally" trained in chemistry, not in informatics, as a
result of which, students come to computer skills not trained). The very conditions
of educational TA and the integration of subjects are called upon to more actively
eliminate the results of the backlog of students accumulated in the framework of
similar problems.
Consider what was said on several practical examples used in English lessons. At
the same time, one should proceed from the fact that it is not enough to saturate the
lesson with conditional communicative or communicative exercises to create
communicative competence, it is important to provide students with the
opportunity to think, solve any problems, discuss possible ways of solving these
problems, so that students focus on the content of his statement, that the focus was
on thought, and the language acted in its direct function - the formation and
formulation of thoughts. [10]
As you can see from the above example, in the picture, working with the theme of
computer memory on both subjects, the characteristic abbreviations are considered
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(also often found on the packaging of the equipment used). Performing an exercise
in a foreign language, students should open the topic based on knowledge of
previously learned words from previous lessons. Understanding the meaning of
words helps, certainly and in the technical comprehension of the text. On the other
hand, the student is sent to understand the connections and patterns of various
computer nodes. Repeating words and expressions on both subjects, using a single
visual material, students better master technical terms, their meaning and
connections.

Figure 1. Types of Computer Storages
On the second picture the student is offered to choose, name and justify the correct
name of the device from the abbreviations given on the picture:

Figure 2. Visual Test for Knowledge of the Device and the Name in English Ram

Remembering data from lessons on computer science in such tests becomes doubly
useful. In turn, the teacher of computer science puts emphasis on new words,
others, commonly used values of which are known to students from texts on the
initial English.
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The third figure shows, as it were, the traditional material for the description seen
in the picture, with a further construction of the summary. This characteristic
method in the study of foreign languages in this case is also like a student who is
familiar with the presented device from a visual stand from the first days of classes
in the technopark. Also, this device attracted attention when studying the computer
output devices in the lessons on the basics of computer engineering.
By the time this booth is used in the English class, students know the type, basic
characteristics, way of using, etc. represented device. This facilitates the student's
task, making the presentation interesting, helps to eliminate the language barrier. It
is noteworthy that the students themselves take an active part in creating such
stands, which helps in memorizing the material, and stimulates the learning of the
language. For students, it seems attractive to demonstrate additional knowledge on
the material that is not required in a foreign language lesson.

Figure 3. Plotter. Graphic Material for the Construction of Text on the English
Language.
Another characteristic example of the use of the possibilities of the conditions of
the technopark is the inclusion in the lesson of a foreign language of technical
means of sounding new words that are difficult from the point of view of
phonetics. Hidden speakers are connected by the assisting subject when repeating
the characteristic errors. In this case, scoring occurs with the recording of native
speakers using different voices. In addition to audio, video means are also used monitors, projectors for visual accompaniment of the material in a foreign
language. Promising is the use of interactive whiteboard (smart board), mimeo
equipment and document camera as a means of increasing the effectiveness of the
educational process [11]. To provide such a concentration of technical means and
consistently experiment with them is a very difficult task for the traditional class.
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As the primary analysis of the students' survey shows, for most respondents such
integration of the teaching of various subjects is perceived as useful and
stimulating. 100% of respondents said that it is very convenient to learn English in
TP. Of these, 60% believe that the big advantage of such classes is the participation
of more than one teacher at the lesson. For 40% mastering new knowledge here is
much easier compared to the traditional audience. 20% singled out a friendly,
sincere atmosphere. 80% hope for a positive result from using computers in
English classes. In the future, the collected survey material will also be processed
on a computer with the participation of students and masters of the university.

Conclusion
To keep up with the changes in society, it is necessary to introduce new
pedagogical methods. The use of TP for the integration of linguistic and computer
subjects leads to a general increase in the level of training. TP conditions stimulate
the introduction of technical innovations in the learning process of a foreign
language. It also enhances the future employment opportunities for students. It is
necessary to make efforts for the development of interactive instruction in foreign
languages using a computer.
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Abstract
This paper aims to develop mathematical models to optimize the surface properties
of PVDF membrane modified by superhydrophobic macromolecules. The main
application of these surface engineered membranes is in membrane distillation for
treatment of water and desalination purposes. Response surface methodology
(RSM) was applied in the variables and their independent and concert responses on
the surface features. To achieve this goal, the three-level three-factorial Box–
Behnken experimental design was chosen for finding out the relationship between
the response functions (contact angle, pore size and overall porosity) and variables
(PVDF concentration, SMM concentration and solvent evaporation time).

1.

Introduction

Membrane distillation (MD) is a non-isothermal membrane operation in which the
driving force is the partial vapor pressure difference across the porous and
hydrophobic membrane. MD has potential application for desalination purposes
and is successfully employed in other fields such as waste-treatment and food
industry [1,2]. One of the main advantages of MD is to operate in the moderate
temperatures and pressures. There is a temperature difference between two sides of
the membrane make the permeate flux through the hydrophobic membrane.
Regarding to the low operation temperatures in such a process, various cheap
energy sources, like solar energy and waste heat, could be used. This is a key point
in the application of expensive separation processes such as desalination [3-5]. In
this process, diffused vapour molecules are transformed into cold product using
four different methods: (a) a cold liquid in direct contact with the membrane
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(DCMD), (b) a cold surface separated from the membrane by an air gap (AGMD),
(c) a cold sweeping gas (SGMD), or (d) a vacuum (VMD) (Fig. 1) [6].
Feed out
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Feed out
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Membrane

Hot Feed in
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Fig. 1. Membrane distillation configuration: (a) DCMD; (b) AGMD; (c) SGMD; (d) VMD.

2.

Materials and Methods

Table 1 summarizes the materials used together with molecular structure and their
chemical abstract service (CAS) number.
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Table 1 Materials used for preparation of modified PVDF membranes.
Material Description

CAS Number

4,4΄-Methylene bis(phenyl
isocyanate) (MDI, 98%)

Molecular
structure/Liner Formula

101-68-8
CH2(C6H4NCO)2

1H,1H,2H,2H-Perfluoro-1decanol (PFD, Mw =
464.12, 97%)

678-39-7

CF3(CF2)7CH2CH2OH

Poly(vinylidene fluoride)
Average Mw ~530,000,
pellets

Sigma–Aldrich,
Inc., St. Louis,
MO, USA
Sigma–Aldrich,
Inc., St. Louis,
MO, USA

Sigma–Aldrich,
Inc., St. Louis,
MO, USA

24937-79-9
(CH2CF2)n

Sodium chloride (NaCl)

7647-14-5

NaCl

Tetrahydrofuran
109-99-9
(THF, HPLC grade 99.9%)

Poly (propylene glycol)
(PPG, Mn= 425)

Source

C4H8O

25322-69-4
H[OCH(CH3)CH2]nOH

Sigma–Aldrich,
Inc., St. Louis,
MO, USA
Sigma–Aldrich,
Inc., St. Louis,
MO, USA
Sigma–Aldrich,
Inc., St. Louis,
MO, USA

N,N-Dimethylacetamide
127-19-5

Merk

(DMAc, anhydrous 99.8%)
CH3CON(CH3)2

3.

Results and Discussion

3.1 SMM and membrane synthesis and characterization
SMM was synthesized using conventional polyurethane chemistry. Methylene
bis(p-phenyl isocyanate) (MDI) use as the backbone of polymeric chain and was
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reacted with poly(propylene glycol) (PPG) as a polyalcohol. The produced
oligomeres end caped appropriate fluoroalcohol of 1H,1H,2H,2H-Perfluoro-1decanol (PFD), Prepared samples were dried in an oven at 50°C for 5 days. The
molar mixing ratio of the chemicals MDI:PPG:PFD was 3:2:2.
For the synthesized SMM, the number (Mn) and weight (Mw) average molecular
weights, and the index of the molecular weight distribution (M w/Mn) were
measured by gel permeation chromatography (GPC) (GPC Agilent 1100-RID,
USA) at 30 ºC. SMM was dissolved in THF and filtered with a 0.45 µm filter to
remove high molecular weight components. Polystyrene was used as the
calibration standard.
The obtained functional groups of the obtained pre-polymer and SMM were
investigated by a Fourier transform infrared spectrometer (FTIR, Brucker 3020,
Germany) in the range 4000–400 cm−1. At the end of each step, 1ml of each
solution was placed under vacuum to remove the solvent until they became
viscose. Finally, two drops of each solution was dropped onto the KBr discs.
In order to measure the contact angle of SMM polymer, a solution with 12 wt. % of
SMM in DMAC was prepared and cast on a glass plate to a thickness of 0.3 mm.
The cast film together with the glass plate was placed in a vacuum drying oven
maintained at 60 ºC until the solvent was completely evaporated. For lowering the
effects of pores and surface roughness the dense film of SMM was prepared and
the water contact angle was measured by a contact angle goniometer (JYSP360,
united test, China).
Flat-sheet membranes were prepared by the phase-inversion method. First, PVDF
was dissolved in DMAC (12.0 wt. %) and stirred at 50 ˚C for about 12 h to ensure
the complete dissolution of the polymer. Then the prepared solution was used to
prepare the pristine PVDF membranes. For the preparation of PVDF/SMM
membranes, different concentrations of SMM were dissolved into the prepared
PVDF casting solutions and the solutions were allowed to stir at ambient
temperature for at least 8 h. The mixture was then degassed over night at room
temperature. The polymer solutions were cast on a smooth glass plate to a
thickness of 0.25 mm using a motorized film applicator with a casting speed of 1
m/min. The solvent was then evaporated at room temperature for a predetermined
period (0, 3 and 6 min) before the cast films were immersed together with the glass
plates for 1 day in distilled water at 22˚C.
During coagulation, the membrane spontaneously peeled off the glass substrate.
The membranes were firstly immersed in an aqueous ethanol solution 33 wt. % for
1h, then in an aqueous ethanol solution 66 wt. % and finally in pure ethanol for 2h.
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Furthermore, the membranes were dried at room temperature for 1 day to complete
the drying process.
The cross-section and top surface of the membranes were analyzed by the scanning
electron microscope (SEM, Hitachi Model S 4100, Japan) equipped with the
energy dispersive X-ray spectrometer (EDX, Oxford Instruments, USA). First, the
membrane sample was fractured in liquid nitrogen and then sputter-coated with a
thin layer of gold.
In order to find out the effect of SMM on the membrane properties, the crosssection was analyzed by X-ray energy dispersion spectroscopy (EDX) to determine
the nitrogen, fluorine, carbon and oxygen content throughout the membrane crosssection using the software INCA (Oxford Instruments, USA). The distribution of
nitrogen elements over membrane cross-section can be viewed using element
maps. Element mapping utilizes the X-ray signal from a specified energy range in
order to show the elemental distribution. The mean pore size of the top membrane
surfaces (SEM pictures) were measured by Image Tool picture analysis software
(UTHSCSA).
Contact angles of deionized water on the top and bottom surfaces of the
membranes were measured by a contact angle goniometry (JYSP360, united test,
China) at room temperature. In this study, the reported contact angle was the
average of three different measurements.
In order to find the overall porosities, the membranes were placed in isopropanol
for 1 day until it is fully penetrated, then the membrane porosities were measured
by determining their swelling in isopropanol using the following expression
(1)
Where is membrane overall porosity, W1 and W2 are weights of the
membranes in the dry and wet states, respectively; S and d represent the area
and the average thickness of the membrane in the wet state, respectively and ρ is
stand for the density of isopropanol at room temperature.
3.2. MD Experiments
DCMD and AGMD experimental set-up used to test the permeation performance
of the prepared optimum membrane for desalination. Both the feed and permeate
circulated through the membrane module by means of a double-head peristaltic
pump (Watson Marlow, 323). The temperature of the feed solution was controlled
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by a heating thermostat (501A, Shanghai experimental instrument Co., LTD,
China) and that of the distillate water was controlled by a cooling thermostat
(DTY-10A, Beijing Detianyou technology development Co., LTD, China). The
inlet temperature of the feed solution into the module was maintained at three
different temperature (68, 75 and 83°C) for two different feed concentration (0.5
and 1 mol/lit) for both DCMD and AGMD. The effective membrane area of both
DCMD and AGMD systems was 0.49×10-3 m2. Figure 10 of the main text shows
the set-up used to conduct the DCMD experiments. In the DCMD configuration,
hot feed solution was brought into contact with the top layer of the membrane and
the cold permeate solution is in contact with the bottom layer of the membrane.
The temperature of the cold distillate water in DCMD was kept at 15 °C. Figure 2S
shows schematic of AGMD experimental set-up. In the AGMD configuration,
evaporated water molecules at the liquid /membrane interface cross the membrane
pores and the air gap chamber to finally condense over the cooling stainless steel
metallic plate. The temperature of the cold plat in AGMD was kept at 15 °C.
(5)

T

T

(4)

(5)

(4)
(15)

(14)
(12)

(13)

T

(6)

(6)

T

(4)

(4)

(5)

(5)
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(10)

(3)

(9)
10.000 gr

T

(4)

T
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(4)
(7)

(1)
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Fig. 2. Schematic of AGMD experimental set-up (1) Water heater (2) Hot water bath (3)
Feed tank (4) Thermocouple (5) Peristaltic pump (6) Flow meter (7) Water Cooler (8) Cold
water bath (9) Cooling liquid (10) Permeate tank (11) Balance (12) Membrane (13) Cold
plate (14) Air gap (15) AGMD module

It should be mentioned that each of the DCMD and AGMD experimental tests
were carried out for 2 hr. At the end, the MD conditions for reaching higher flux
were found. Finally, the optimum modified membrane and the unmodified
membrane at same preparation condition but without SMM additive were used in
MD experiment under the higher MD flux conditions to see the effect of SMM
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addition on permeate flux and salt rejection. Permeation flux of the membranes
was calculated by the following equation:
(2)
Where J is the pure water flux (Kg/(m2·h)), W is the permeation mass of water
(Kg), A is the effective membrane areas (m2), t is the sampling time (h). The solute
rejection (R) of membrane was obtained from the following equation:
(3)
Where c1 and c2 are the solute concentration of permeate and feed solution,
respectively that measured by water quality meter (Model 900, BANTE Co.,
China).
3.3. Range of PVDF concentration
When the polymer content of the precursor solution is less than a threshold value
(e.g. 10 wt. % for PVDF), large holes appear within the membrane that strongly
will effect on the membrane performance (selectivity).

(a)

(b)

Fig. 3. The influence of PVDF high concentration on decreasing of the porosity and
pore size of the membrane surface, (a) SEM image and (b) image analyses of pore
distribution on the surface of PVDF/SMM (20/1 wt.%) , without considering the
evaporation time.
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On the other hand, by increasing the base polymer concentration in the
PVDF/SMM solution, viscosity of the polymer solution will be increased which
slowed down SMM migration to the top membrane surface. It was observed that
the membrane prepared by 12 wt. % PVDF (without SMM and considering the
evaporation time effects), is fragile with poor surface features. Where in the case of
20 wt. % PVDF, at the same synthesize condition, the obtained membrane surface
was smooth with low porosity. By addition 1.0 wt. % SMM into this membrane
due to weak SMM migration toward the surface, the thick skin layer with small
pores (~90 nm) formed. The SEM and image analyzing results illustrated in Fig.3S
confirm this observation.
3.4. Range of SMM concentration

(a)

(b)

Fig. 4. Water contact angle images of 12 wt. % PVDF membranes(a) 4 wt. %.of
SMM, CA=110˚, (b) 2 wt. %.of SMM, CA=112˚,
In the preparation of modified membranes to avoid altering the bulk properties and
also to create a very thin hydrophobic layer on top of the membrane, less than 4 wt.
% SMM usually was used. In addition, it was reported that the polymeric surfaces
would take only a certain amount of SMM. In fact the saturation of surface take
place in high SMM concentration. As a result increasing of the SMM concentration
up to these certain levels does not increase the percentage composition of the
membrane surface anymore. On the other words, the surface properties get
independent from SMM IN high concentration .In relevant works it was seen that
at SMM concentrations of about 2 wt. %, the PVDF membrane surface is saturated.
It was reported that the appropriate value of SMM concentration is around 0.5 wt.
%.
In this work we employed two range of SMM concentrations as 2 and 4 wt. %,(in
the 12 wt. % PVDF and evaporation time of 1 min). Then the effects of SMM
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concentration changes on the membrane surface hydrophobicity were studied
through water contact angle measurements. Results show that by 2 fold increasing
in the SMM concentration (from 2 wt. %. to 4 wt. %.), the significant changes in
water CA of the membrane surface have not been seen. The correspondent CA
images are represented at Fig.4.
3.5. Range of Evaporation time
As mentioned, SMM migration occurs only in polymer solution and migration
stops after the phase separation process. As a result, prior to the coagulation,
certain period of time is required for SMM migration to the surface of the
membrane. Increasing in the casting bath temperature and evaporation time both
strongly affect the SMM migration from the membrane bulk to surface. However,
CA analyses indicate that after a period of elapsed time during the evaporation the
SMM concentration in the membrane surface does not change (Fig. 5). In this
manner, the water contact angle of the membrane surface gets fixed because of the
saturation of the surface with SMM. In addition, the increasing in the evaporation
time results in the thickening of the membrane skin layer. This results in the low
porosity of the membrane. Moreover, the formation of skin layer diminish the
surface roughness and pore size as well as hydrophobicity.

(a)

(b)

Fig. 5. Surface contact angle and morphology of as prepared membranes, (a)
for 6 min of evaporation time: ε=73% and CA= 108˚, (b) for 8 min of
evaporation time ε=69% and CA=106˚. (ε and CA stand for porosity and water
contact angle respectively).
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Here for evaluating the influence of evaporation times on the surface
hydrophobicity and porosity, two types of membranes were prepared in the various
times of evaporation (6 and 8 min). The water CA and porosity measurements were
conducted for both types of membranes. It was observed that by increasing of the
evaporation time from 6 min up to 8 min there is no delectable variations in the
water CA values. However, the porosity of the membrane surface strongly
decreased due to increasing in the thickness of formed skin layer.

3.6. Box–Behnken design
Response surface methodology (RSM) was applied in the variables and their
independent and concert responses on the surface features. To achieve this goal, the
three-level three-factorial Box–Behnken experimental design was chosen for
finding out the relationship between the response functions (contact angle, pore
size and overall porosity) and variables (PVDF concentration, SMM concentration
and solvent evaporation time) [8,9].
Independent variables and their levels for the Box–Behnken design used in this
study are shown in Table 2.
Table 2 The level of variables chosen for the Box-Behnken design

Variable
PVDF concentration (wt. %)
SMM concentration (wt. %)
Evaporation time (min)

Symbol
X1
X2
X3

Low
-1
12
0
0

Coded variable
level
Center
0
15
1
3

High
1
18
2
6

The second-order polynomial equation could be used to define the behavior of the
system as following:
Y = β0 +

(4)

Wherein Y stands for predicted responses (Y1 = surface contact angle, Y2 = mean
surface pore size, Y3 = overall porosity).In the case of present problem of three
independent variables, the Eq. (4) is simplified as following:
Y = β0 + β1 x1 + β2 x2 + β3 x3 + β11 x12 + β22 x22 + β33 x32 + β12 x1 x2 + β13
x1 x3 + β23 x2 x3 + ε

(5)
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Where x1, x2 and x3 stand for input variables; β0 is a constant; β1, β2 and β3 are
linear coefficients; β11, β22 , β33 are quadratic coefficients; β12, β13, β23 are
interactions and ε is noise or error.
In the present work, a Box-Behnken statistical design with three factors and three
levels was employed to fit second order polynomial model which indicated that 13
experiments were required for this procedure (Table 3). The Design-Expert
software (version 9, Stat-Ease Inc., Minneapolis, USA) was used for model
regression, plotted figures, and optimization. The P values of less than 0.05 were
considered to be statistically significant [10,11].
3.7. Mathematical Model and Optimization of Modified PVDF membranes
Response surface optimization is more advantageous than the traditional single
parameter optimization as it saves time, space and raw material. Thirteen
experiments were performed to investigate the effects of the PVDF concentration
(x1), SMM concentration (x2), solvent evaporation time (x3) and their interactions
on the responses (Y1: contact angle, Y2: mean pore size, Y3: porosity).Independent
variables and their levels for the Box–Behnken design used in this study are shown
in Table 2.
Using the relationships in Table 2, the actual levels of the variables for each of the
experiments in the design matrix were calculated and experimental results obtained
as given in Table 3.
Table 3. Box–Behnken design with actual/coded values for three size fractions
and results
Run no.
1
2
3
4
5
6
7
8
9
10
11
12
13

Actual and coded level of variables
X1(wt. %) X2(wt. %)
X3(min)
18 (+1)
1 (0)
6 (+1)
12 (-1)
2 (+1)
3 (0)
15 (0)
2 (+1)
6 (+1)
18 (+1)
0 (-1)
3 (0)
18 (+1)
2 (+1)
3 (0)
12 (-1)
0 (-1)
3 (0)
15 (0)
2 (+1)
0 (-1)
18 (+1)
1 (0)
0 (-1)
15 (0)
1 (0)
3 (0)
12 (-1)
1 (0)
6 (+1)
12 (-1)
1 (0)
0 (-1)
15 (0)
0 (-1)
6 (+1)
15 (0)
0 (-1)
0 (-1)

Experimental responses
Y1 (º)
Y2 (µm)
Y3 (%)
112.52
0.11
67.85
112.86
0.14
78.50
115.00
0.12
67.70
86.50
0.15
74.50
110.61
0.11
70.60
86.20
0.23
82.04
107.80
0.13
80.42
102.30
0.12
74.64
105.25
0.15
76.40
114.77
0.14
75.28
103.41
0.19
83.43
86.25
0.18
72.50
86.00
0.19
79.64
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The analysis of variance (ANOVA) for three responses was given in Table 4S. The
P value higher than 0.95 was considered as the threshold of parameter elimination
in the response model equation calculations. The significance of each coefficient
was determined by P value. The P value less than 0.05 indicates that model terms
are significant. It was determined that the quadratic model was acceptable for
responses and R2 and Radj2 indicate good agreement with the experimental data. As
mentioned before, all the following figures were plotted using Design-Expert
software, and in all presented figures, the other factor was kept at level zero
(medium level).
Table 4. Analysis of variance (ANOVA) quadratic model
Source
Intercept
X1
X2
X3
X1 X2
X1 X3
X2X3
X12
X22
X32

Contact Angle (º)
Regression
P-value
coefficients
105.25
-0.66
0.4961
12.66
0.0001
3.63
0.0150
-0.64
0.6383
-0.28
0.8316
1.74
0.2385
1.64
0.3074
-7.85
0.0050
1.36
0.3874

Pore Size (µm)
Regression
P-value
coefficients
0.15
-0.026
0.0006
-0.031
0.0003
-0.010
0.0196
0.013
0.0290
1.000E-002
0.0560
2.944E-019
1.0000
-3.750E-003
0.4216
0.011
0.0550
-6.250E-003
0.2103

Overall Porosity (%)
Regression
P-value
coefficients
76.15
-3.96
0.0005
-1.43
0.0201
-4.35
0.0003
-0.090
0.8760
0.34
0.5640
-1.39
0.0615
0.25
0.7035
0.012
0.9845
-1.10
0.1440

Table 5. Model equations for contact angle, pore size, overall porosity.
Responses
Contact
angle

Pore size

Porosity

Model Equation
Y1 = 105.25 0.66X1+12.66X2+3.63X3-0.64 X1
X2-0.28 X1 X3+1.74 X2 X3+1.64
X12-7.85 X22+1.36 X32
Y2 = 0.15-0.026X1-0.031X20.010X3+0.013X1X2+1.000E002X1X3+2.944E-3.750E003X12+0.011X22-6.250E-003X32
Y3 = 76.15-3.96X1-1.43X24.35X3-0.090X1X2+0.34X1X31.39X2X3+0.25X12-1.10X32

Eq.

FP-value
value

(6)

29.22

(7)

(8)

R2

Radj2

0.0027

0.9850

0.9513

31.34

0.0023

0.9860

0.9546

29.01

0.0027

0.9849

0.9510

From experimental results, the second-order response functions representing
responses can be expressed as a function of the PVDF concentration (x1), SMM
concentration (x2) and the solvent evaporation time (x3). Table 5 presents the
relationship between responses (y1, y2 and y3) and variables were obtained for
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coded unit for three size fractions. The responses at any regime in the interval of
our experiment design could be calculated from Eqs. (4) – (5).

Conclusion
The three-level three-factorial Box–Behnken experimental design was chosen for
finding out the relationship between the response functions (contact angle, pore
size and overall porosity) and variables (PVDF concentration, SMM concentration
and solvent evaporation time). For the first time we successfully developed the
mathematical model equations for optimization of contact angle, porosity and pore
size of surface modified membranes.
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It is well known, perhaps, only an example for diﬀerential operator of any even order
for which the spectrum ﬁlls the entire complex plane [1] (see also [2] and [3]). In this
example the boundary conditions have the following form
Uj (y) = y (j−1) (0) + (−1)j−1 y (j−1) (1) = 0,

j = 1, 2, 3, 4.

All eigenvalue boundary problems for the operators D3 and D4 whose spectrum ﬁlls
the entire complex plane are described. There are only ﬁnitely many such third-order
diﬀerentiation operators. A characteristic determinant for D3 is identically equal to zero if
and only if the matrix of coeﬃcients consists of two diagonal submatrices, on one of the
diagonals of which there are units, and on the other are roots of minus one. But fourthorder diﬀerential operators, whose spectrum ﬁlls the whole complex plane, is inﬁnitely
many (continuum). For operator D4 it is found 12 examples for which the spectrum ﬁlls
the entire complex plane. All examples contains arbitrary constant.
Consider the following problems for the operators D3 and D4 :
y  (x) = λ y(x) = s3 y(x),
Uj (y) =

3


ajk y (k−1) (0) +

k=0

3


aj k+3 y (k−1) (1) = 0,

4

k=0

(1)
j, k = 1, 2, 3

(2)

k=0

y (4) (x) = λ y(x) = s4 y(x),
Uj (y) =

x ∈ [0, 1]

ajk y (k−1) (0) +

n


x ∈ [0, 1]

aj k+4 y (k−1) (1) = 0,

(3)
j, k = 1, 2, 3, 4

(4)

k=0

It is known [4, P. 26] that if the coeﬃcients of an ordinary linear diﬀerential equation
are continuous on [0,1], then for the spectrum of the problem (3), (4) the following two
possibilities occur: 1) there exist at most a countable number of eigenvalues such that do
not have limit points in C; 2) every λ ∈ C is an eigenvalue.
Direct and inverse problems with nonseparated boundary conditions for case 1) have
been fairly well studied (see, for example, [5, 6, 7, 8, 9]). The degenerate case 2) has
been studied little (The boundary conditions are called degenerate if the characteristic
determinant of corresponding eigenvalue problem is constant [10, p. 29]). It is well known,
perhaps, only an example for diﬀerential operator of any even order for which the spectrum
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ﬁlls the entire complex plane [1] (see also [2]). In this example the boundary conditions
(4) have the followng form
Uj (y) = y (j−1) (0) + (−1)j−1 y (j−1) (1) = 0,

j = 1, 2, 3, 4.

(5)

Recently in [11] it is shown that there exist similar diﬀerential operators of any odd order.
However, in connection with this, another question arises: are there other examples of
such operators? In the present paper, for the operators D3 and D4 we ﬁnd other examples
of such operators and describe all boundary value problems for the operators D3 and D4
whose spectrum ﬁlls the entire complex plane. The form of degenerate boundary conditions
is found too.
The question of describing all boundary value problems with degenerate boundary
conditions is related to a description of all Volterra problems. The problem for operator L
is called Volterra problem if inverse operator L−1 is Volterra operator (see [12, p. 208]).
In the case of nondegenerate boundary conditions for an arbitrary continuous function
q(x), the system of eigen-vectors of the operator L is complete in L2 (0, π) (see [10, p. 29]).
Therefore, Volterra problems are among problems with degenerate boundary conditions.
In [13] it is shown, that all Volterra problems for operator D2 with comon boundary
conditions have the form
y(0) ∓ a y(π) = 0,

y  (0) ± a y  (π) = 0,

(6)

where a = 1. A similar result is obtained in [14] for Sturm-Liouville problems with
diﬀerential equation −y  + q(x) y = λ y and symmetric potential (q(x) = q(π − x)).
In [16] it is discribed all degenerate boundary conditions for D2 . In [17] a similar result
is obtained for Sturm-Liouville problems (see also [18] and [15]).
In [16, p. 556] and [2] it is shown that there can not exist example for the operators
D2 and D4 with ﬁnite (but not empty) spectrum. In [19] it is shown that the spectrum of
common nth order linear diﬀerential operators generated by regular boundary conditions
is either empty or inﬁnite.
For operator D3 we denote the matrix consisting of the coeﬃcients alk in the boundary
conditions (2) by A and the minor consisting of the i1 th, i2 th and i3 th columns of this
matrix A by Ai1 ,i2 ,i3 ,


 a11 a12 a13 a14 a15 a16 



(7)
A=
 a21 a22 a23 a24 a25 a26  .
 a31 a32 a33 a34 a35 a36 


 a1,i a1,i a1,i 
1
2
3 

Ai1 ,i2 ,i3 =  a2,i1 a2,i2 a2,i3  .
(8)
 a3,i1 a3,i2 a3,i3 
In what follows, we assume that the rank of the matrix A is equal to 4,
rank A = 3.

(9)

For operator D4 we denote the matrix consisting of the coeﬃcients alk in the boundary
conditions (4) by A and the minor consisting of the i1 th, i2 th, i3 th and i4 th columns of
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this matrix A by Ai1 ,i2 ,i3 ,i4 ,




A=




a11
a21
a31
a41

a12
a22
a32
a42

Ai1 ,i2 ,i3 ,i4

a13 a14 a15 a16
a23 a24 a25 a26
a33 a34 a35 a36
a43 a44 a45 a46

 a1,i a1,i a1,i
1
2
3

 a
a
a
=  2,i1 2,i2 2,i3
 a3,i1 a3,i2 a3,i3
 a4,i1 a4,i2 a4,i3

a17
a27
a37
a47
a1,i4
a2,i4
a3,i4
a4,i4

a18
a28
a38
a48




.








.
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(10)

(11)

In what follows, we assume that the rank of the matrix A is equal to 4,
rank A = 4.

(12)

The aim of this paper is to prove the following theorems:
Theorem 1.
For operator D3 Matrix (7) for coeﬃcients of degenerate boundary conditions (2) has
the following form:


 1 0 0 a1 0 0 



A1 = 
(13)
 0 1 0 0 a2 0 
 0 0 1 0 0 a3 
or


 a1 0 0 1 0 0

A2 = 
 0 a2 0 0 1 0
 0 0 a3 0 0 1




,



(14)

where ai (i = 1, 2, 3) are some numbers.
For operator D4 Matrix (10) for coeﬃcients of degenerate boundary conditions (4) has
the following form:


 1 0 0 0 a1 0 0 0 


 0 1 0 0 0 a2 0 0 


A1 = 
(15)

 0 0 1 0 0 0 a3 0 
 0 0 0 1 0 0 0 a4 
or


 a1 0 0 0 1 0 0 0 


 0 a2 0 0 0 1 0 0 

A2 = 
(16)
 0 0 a3 0 0 0 1 0  ,


 0 0 0 a4 0 0 0 1 
where ai (i = 1, 2, 3, 4) are some numbers.
Theorem 2.
For operator D3 the characteristic determinant of problem (1),(2) is identically equal
to zero if and only if matrix (7) of coeﬃcients of boundary conditions (4) has form (13) or
(14), where {ai } (i = 1, 2, 3) are roots of minus one.
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For operator D4 the characteristic determinant of problem (3),(4) is identically equal
to zero if and only if matrix (10) of coeﬃcients of boundary conditions (4) has form (15)
or (16), where {ai } (i = 1, 2, 3, 4) are one of the following 12 sets:
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

a1 = C1 , a2 = −1,
a1 = C2 , a2 = 1,
a1 = C3 , a2 = −1,
a1 = C4 , a2 = 1,
a1 = −1, a2 = C5 ,
a1 = −1, a2 = C6 ,
a1 = 1, a2 = C7 ,
a1 = 1, a2 = C8 ,
a1 = −1, a2 = 1,
a1 = 1, a2 = −1,
a1 = −1, a2 = 1,
a1 = 1, a2 = −1,

a3 = C1−1 , a4 = 1,
a3 = C2−1 , a4 = −1,
a3 = 1, a4 = −1,
a3 = −1, a4 = 1,
a3 = −1, a4 = 1,
a3 = 1, a4 = C6−1 ,
a3 = −1, a4 = C7−1 ,
a3 = 1, a4 = −1,
a3 = C9 , a4 = 1,
a3 = −1, a4 = −1,
a3 = −1 a4 = C11 ,
a3 = 1, a4 = C12 ,

(17)

where Cj (j = 1, 2, . . . , 12) are arbitrary constants.
The reported research was funded by Russian Foundation for Basic Research (project
18-51-06002-Az a, 18-01-00250 a, 17-41-020230-r a, and 17-41-020195-r a).
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В работе исследуется асимптотика фундаментальной системы решений сингулярного дифференциального уравнения нечетного порядка в вырожденном случае и их
приложения к спектральным свойствам соответствующего минимального оператора.
Данная работа посвящена изучению асимптотических формул при x → ∞ фундаментальной системы решений (ФСР) уравнения вида:
(−1)n 2iy (2n+1) +

n



(k)
(−1)k pn−k (x)y (k)
+

k=l

+i

n−1


(−1)j


(j+1) 
(j) 
+ qn−j (x)y (j+1)
qn−j (x)y (j)
= iσy.

j=m

Заметим, что ситуация, когда уравнение не содержит слагаемого с искомой функцией y(x) и производных младших порядков, называется вырожденной. Асимптотика
ФСР для вырожденных уравнений исследовалась ранее в работах (1),(2) [1], [2]
.Асимптотика решений сингулярного дифференциального уравнения нечетного порядка изучалась в работах [3], [4], [5]. Однако вырожденный случай для уравнения
нечетного порядка до настоящего времени не рассматривался.
Основные результаты
Рассмотрим модельное уравнение 5-го порядка:
2iy (5) + (p2 (x)y  ) − i[(q1 (x)y  ) + (q1 (x)y  ) ] − (p1 (x)y  ) = iσy,

(1)

где σ = 0, и все коэффициентные функции дважды непрерывно дифференцируемы
на (0, ∞).
Введем в рассмотрение функцию, которую будем называть характеристическим
многочленом:
F (x, σ, μ) = 2iμ5 + p2 (x)μ4 − 2iq1 (x)μ3 − p1 (x)μ2 − iσ.

(2)

Очевидно, что если |p1 (x)| → +∞ при x → ∞, то уравнение F (x, σ, μ) = 0 имеет два
убывающих на бесконечности корня (μ1 (x, σ), μ2 (x, σ)) и три растущих
(μ3 (x, σ), μ4 (x, σ), μ5 (x, σ)).. Отметим, что с помощью метода диаграмм Ньютона
(см., например, [6])) удается исследовать асимптотику корней характеристического
многочлена как в главном, так и первую поправку асимптотического разложения.
Справедлива следующая теорема:
Теорема 2. Пусть выполнены условия:.
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1. |p1 (x)| → +∞ при x → ∞,
2. p1 (x) не меняет знак для достаточно больших x ≥ x0 и выполняется:


 ∞ p2 (x) 
p1 (x)


1
→ 0, x → ∞, 
dx < +∞,
1/2
3/2


p1 (x)
x0 p1 (x)
3. Для достаточно больших x верно |p2 | ≤ A2 p1 p1
–положительные постоянные,

1/2

, |q1 | ≤ A1 p1 p1 , где A1,2
−1/2

−1

2
p2 ≤ B2 p2
4. Для достаточно больших x верно |p1 | ≤ B0 p2
1 p1
1 , q1 ≤ B1 p1 p1
где B0,1,2 –положительные постоянные,

,

5. Для i, j = 3, 5 существуют положительные постоянные, такие что выполняется:


 μi (x, σ) 
 ≤ b,

a≤
μj (x, σ) 
6. Для достаточно больших x Re(μj (x, σ) − μi (x, σ)) для i, j = 3, 5, не меняет знак.
Тогда уравнение (1) имеет 5 линейно независимых решений y1 (x, σ) таких, что при
x → ∞ для них справедливы асимптотические формулы:
 x
−1/2
μi (t, σ)dt (1 + o(1)), i = 1, 5.
(3)
yj (x, σ) = μj (x, σ)exp
x0

Прокомментируем условия 1)-5). Условия 3), 4) являются условиями регулярности
типа Титчмарша-Левитана, исключающими осцилляцию, условие 5) означает, что все
растущие корни характеристического уравнения "в одну силу". Что касается условий
1),2), то они являются ограничениями на рост функции p1 (x). Например, в качестве
функций p1 (x)можно рассмотреть функции xα lnβ x, 0 < α < 2.
Наметим схему доказательства теоремы. От уравнения (1) с помощью введения
квазипроизводных осуществляется переход к системе дифференциальных уравнений
первого порядка: пусть Y = col(y [0] , . . . , y [4] ) –вектор-столбец, где y [i] – i-ая квазипроизводная функции y, определяемая по формулам:
√ d
d [0]
y , y [2] = 2 y [1] ,
dx
dx
√
d
p
d
q1 (x)
(x)
2
y [3] + ip1 (x)y [1] − √ y [2] .
y [3] = 2 y [2] − q1 (x)y [1] − i √ y [2] , y [4] =
dx
dx
2
2
Тогда дифференциальное выражение ly, определяемое (1), будет иметь вид: ly =
(y [4] ) − iσy,- а уравнение (1) можно переписать в виде системы:
⎞
⎛
0
1
0
0 0
1
√
⎜ 0
0
0 0 ⎟
2
⎟
⎜
p2
1
1

⎜
√
√
i2
0 ⎟
Y = A(x, σ)Y,
A=⎜ 0
2
2
⎟.
⎝ 0 −ip1 √q1 0 1 ⎠
y [0] = y,

y [1] =

σ

0

2

0

0

0
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Далее с системой (3) производится ряд матричных преобразований, смысл которых
состоит в том, чтобы перейти к так называемой L-диагональной системе, в которой
коэффициент правой части является суммой диагональной и некоторой суммируемой
матриц:
Z  = diag{μ1 , .., μ5 }Z + Θ(x, σ)Z.
Делая замену


Z = W exp

x
x0

μi (t, σ)dt,

где W –неизвестная вектор-функция, получаем систему
Wk = (μk − μi )Wk +

5


Θkm Wm ,

k = 1, 5.

m=1

Согласно условию 5) и формулам для корней (2), Re(μi − μj ) не меняет знак при
достаточно больших x для всех i = j, i, j = 1, 5. Анализ асимптотического поведения
матрицы Θ(x, σ), полученной после преобразований, показывает, что к последней
системе применима лемма 1 из [7], с.288-292, из которой, с помощью обратных преобразований и с использованием техники, описанной в работе [8], получаем формулы
(3).
Полученные асимптотические формулы позволяют, при некоторых дополнительных предположениях относительно коэффициентов уравнения (1), вычислять индексы
дефекта минимального дифференциального оператора, порожденного в L2 [x0 , ∞)
дифференциальным выражением уравнения (1). В частности, если
p1 (x) = Cxα ,

q1 (x) = Ax2/3α ,

p2 (x) = Bx1/3α

и 3/4 < α < 2, то индексы дефекта могут быть (1, 1) или (2, 2). Если же, при тех же
коэффициентах, 3/4 > α > 0, индексы дефекта могут быть (2, 3) или (3, 2).
Работа выполнена при поддержке грантов РФФИ №18-01-00250-А, №17-41-020230р-а.
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Let D
0 = {z ∈ C : |z − a0 | < R}, a1 , ..., am ∈ D0 and D = {z ∈ D0 : , |z − ai | > ri ,
i = 1, m , where 0 < ri < R − |a0 − ai |, i = 1, m, ri + rj < |ai − aj |, i, j = 1, m, i = j. We
will denote by A (D) the space of all analytic functions in m + 1 connected domain D with
the topology of compact convergence. This means that, by a convergence in this space we
will mean the uniform convergence in any compact of D. For max [|a0 − ai | + ri ] < R < R,
i=1 , m

ri < ri < R − |a0 − ai |, i = 1, m, ri + rj < |ai − aj |, i, j = 1, m, i = j we will consider the
seminorms


 , R
|f (z)| : z ∈ D̄ r1 ,..., rm
,
f A(D), r ,..., rm
 ,R = max
1

that convert A (D) into a Frechet–type space, where


 ,R =
z ∈ C : |z − a0 | ≤ R , |z − ai | ≥ ri , i = 1 , m .
D̄r1 ,..., rm
It is known [see, for example, 2] that the system of functions 1, (z − a0 )k , (z − a1 )−k ,. . . ,
(z − am )−k , k ∈ N , forms a basis for A (D), i.e. every function f ∈ A (D) can be uniquely
represented in the form
m 
∞

(i)
f (z) =
fk (z − ai )ωi (k) ,
(1)
i=0 k=0
(i)

where ω0 (k) = k, k ∈ Z+ , ωi (k) = −k − 1 for i = 1, m, k ∈ Z+ , and the coeﬃcients fk ,
k ∈ Z+ , i = 0, m are deﬁned by the formula

1
(i)
f (z) (z − ai )−ωi (k)−1 dz, k ∈ Z+ , i = 0, m
fk =
2πi Γi
and Γi , i = 0, m are any circles centered at the points ai and belonging to the domain D.
Denote α0 = R−1 and αi = ri for i = 1, m.
First we prove the following theorem on the convergence to zero in A (D).
Theorem 1. The sequence fn (z) convergence to zero in A (D) if and only if the
coeﬃcients of expansion
fn (z) =

m 
∞


(i)

fn ,k (z − ai )ωi (k)

i=0 k=0

satisfy the conditions



 (i) 
k
fn ,k  < εn (1 + δn ) αik , k ∈ Z+ , i = 0, m
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for any n ∈ N , where
lim εn = lim δn = 0.

n→∞

(3)

n→∞

Now we consider the linear operators in A (D). It follows from (1) that for any linear
operator T : A (D) → A (D) the expansion
 m ∞
m 
∞


Tk,p, (i,j) fp(j) (z − ai )ωi (k)
(T f ) (z) =
j=0 p=0

i=0 k=0
m
i=0

is valid, where f (z) =

∞
k=0

T (z − aj )ωj (p) =

(i)

fk (z − ai )ωi (k) and

m 
∞


Tk,p, (i,j) (z − ai )ωi (k) , p ∈ Z+ , j = 0, m.

i=0 k=0

Let the system of sequences of positive numbers g =
the conditions:
(i)

∀i = 0, m, ∀k ∈ Z+ : Δk (g) = inf

∞

(i)

gk

k=0

: i = 0, m satisﬁes


 




 g (i) − gp(j)  : p ∈ Z+ , j = 0, m, (j, p) = (i, k) > 0,

 k
(i)

∀i = 0, m : lim Δk (g)
k→∞

1
k

(i)

= 1, lim gk
k→∞

1
k

= 1.

(4)

(5)

Deﬁnition 1. By Ag (D) we denote the set of analytic functions
f (z) =

m 
∞


(i)

fk (z − ai )ωi (k) ∈ A (D)

i=0 k=0

whose coeﬃcients satisfy the following conditions:
 
 (i) 
(i)
fk  ≤ Mf gk αik , k ∈ Z+ , i = 0, m,

(6)

where Mf is a constant independent of k.
Theorem 2. Let Tn : A (D) → A (D) be a sequence of linear operators
 m ∞
m 
∞

  (n)
(Tn f ) (z) =
Tk,p, (i,j) fp(j) (z − ai )ωi (k) ,

(7)

i=0 k=0

j=0 p=0

(i)

∞
ωi (k)
where f (z) = m
∈ A (D). If there exist sequences εn and δn
i=0
k=0 fk (z − ai )
satisfying (3) such that the inequalities

 m
∞

 

(n)
p
k
Tk,p, (i,j) αj − αi  < εn (1 + δn )k αik , i = 0, m, k ∈ Z+
(8)



p=0
j=0



m 
∞ 




 (n)  p
k
k

Tk,p, (i,j)  αj − αi  < εn (1 + δn ) αik , i = 0, m, k ∈ Z+ ,


j=0 p=0

(9)
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 m ∞



  

 (n) 

(j) p
(i) k 
k
Tk,p, (i,j)  gp αj − gk αi  < εn (1 + δn ) αik , i = 0, m, k ∈ Z+



j=0 p=0

 m ∞


  
 (n)  (j) p

(i) k 
k
Tk,p, (i,j)  gp αj − gk αi  < εn (1 + δn ) αik , i = 0, m, k ∈ Z+



p=0

(10)

(11)

j=0

holds, then for any function f ∈ Ag (D) and for every max [|a0 − ai | + ri ] < R < R,
i=1 , m

ri < ri < R − |a0 − ai |, i = 1, m, ri + rj < |ai − aj |, i, j = 1, m, i = j we have
lim Tn f − f A(D), r ,..., rm
 ,R = 0.

n→∞

1

Now, we will present the following general result on approximation in A (D).
Theorem 3. Let the sequences of positive numbers b =
g=

(i)
gk

∞
k=0

(i)

bk

∞

k=0

: i = 0, m and

: i = 0, m satisfy the conditions (4), (5) and Tn : A (D) → A (D) be a

linear operators deﬁned as (7). If there exist sequences εn and δn satisfying (3) such that
the inequalities


m 
∞




(n)
(i)
p
Tk,p, (i,j) gp(j) αj − gk αik  < εn (1 + δn )k αik , i = 0, m, k ∈ Z+ ,
(12)



j=0 p=0



m 
∞ 




 (n)  (j) p
(i) k 
k
(13)

Tk,p, (i,j)  gp αj − gk αi  < εn (1 + δn ) αik , i = 0, m, k ∈ Z+ ,


j=0 p=0

 m ∞



  
 (n) 

(j) (j) p
(i) (i) k 
k
Tk,p, (i,j)  bp gp αj − bk gk αi  < εn (1 + δn ) αik , i = 0, m, k ∈ Z+ , 18)



j=0 p=0

 m ∞


  
 (n)  (j) (j) p

(i) (i) k 
k
(14)
Tk,p, (i,j)  bp gp αj − bk gk αi  < εn (1 + δn ) αik , i = 0, m, k ∈ Z+



p=0
j=0

holds, then for any function f ∈ Ag (D) and for every max [|a0 − ai | + ri ] < R < R,
i=1 , m

ri < ri < R − |a0 − ai |, i = 1, m, ri + rj < |ai − aj |, i, j = 1, m, i = j we have
lim Tn f − f A(D), r ,..., rm
 ,R = 0.

n→∞

1

Deﬁnition 2. Linear operator T : A (D) → A (D) is called k-positive if it preserve
the subclass of analytic functions with positive coeﬃcients in the expansion of functions in
series (1).
It is obvious that the k-positiveness of the operator
 m ∞
m 
∞


Tk,p, (i,j) fp(j) (z − ai )ωi (k) ,
(T f ) (z) =
i=0 k=0
(i)

j=0 p=0

∞
ωi (k)
where f (z) = m
∈ A (D), is equivalent to the non-negativeness
i=0
k=0 fk (z − ai )
of the coeﬃcients Tk,p,(i,j) , i, j = 0, m, k, p ∈ Z+ .
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Let the sequences of positive numbers g =

(i)

gk

k=0

(4), (5). Denote
hν (z) =

m 
∞


ν
2

(i)

gk

∞
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: i = 0, m satisfy the conditions

αik (z − ai )ωi (k) , ν = 0, 1, 2.

(15)

i=0 k=0

Theorem 4. Let Tn : A (D) → A (D) be a sequence of linear k-positive operators.
The sequence Tn f (z) tends to f (z) in A (D) for each function f ∈ Ag (D) if and only if
lim Tn hν (z) = hν (z)

n→∞

in A (D) for ν = 0, 1, 2.
Let the sequences of positive numbers b =
(i)
gk

and g =

∞
k=0

(i)

bk

∞
k=0

: i = 0, m

: i = 0, m satisfy the conditions (4), (5). Denote

Hν (z) =

m 
∞


(i)

bk

ν
2

(i)

gk αik (z − ai )ωi (k) , ν = 0, 1, 2.

(16)

i=0 k=0

Theorem 5. Let Tn : A (D) → A (D) be a sequence of linear k-positive operators.
The sequence Tn f (z) tends to f (z) in A (D) for each function f ∈ Ag (D) if and only if
lim Tn Hν (z) = Hν (z)

n→∞

in A (D) for ν = 0, 1, 2.
Theorem 6. For every sequence of positive numbers g =

(i)

gk

∞
k=0

: i = 0, m

satisfying the conditions (4), (5) there exists a sequence of k-positive operators Wn :
A (D) → A (D) such that the sequence of functions Wn (z − ai )ωi (k) − (z − ai )ωi (k)
converges to zero in A (D) for every i = 0, m, k ∈ Z+ , and there exists a function
f ∗ ∈ Ag (D) such that
∗

∗

lim Wn f (z) − f (z)A(D), r ,..., rm
 ,R

n→∞

1



m


(z − ai ) 
R


+
=

 R − (z − a0 )
(z − ai ) − ri 
i=1

> 0 (17)
 ,R
A(D), r1 ,..., rm

for every max [|a0 − ai | + ri ] < R < R, ri < ri < R − |a0 − ai |, i = 1, m, ri + rj <
i=1 , m

|ai − aj |, i, j = 1, m, i = j.
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The talk will consist of two parts. The ﬁrst part deals with spectral and pseudospectral
functions for generalized Fourier transform corresponding to symmetric diﬀerential system
Jy  − A(t)y = λH(t)y.

(1)

It is assumed that n×n-matrix coeﬃcients J(= −J ∗ = −J −1 ) and A(t) = A∗ (t), H(t) ≥ 0
in (1) are deﬁned on an interval I = [a, b), −∞ < a < b ≤ ∞, and integrable on each
compact subinterval [a, β] ⊂ I. Denote by L2H (I, Cn ) the Hilbert space of vector-functions
f : I → Cn satisfying (H(t)f (t), f (t)) dt < ∞ and by N± deﬁciency indices of the system
I

(1), i.e., the number of its linearly independent solutions y ∈ L2H (I, Cn ) for λ ∈ C± .
Let m ≤ n and let ϕ(t, λ)(∈ Cn×m ) be a matrix solution of (1) with ϕ(0, λ) = const.
Then the generalized Fourier transform of a vector-function f (·) ∈ L2H (I, Cn ) is a vectorfunction f(·) : R → Cm given by


f (s) = ϕ∗ (t, s)H(t)f (t) dt.
(2)
I

We deﬁne a spectral (resp. pseudospectral) function of the system with respect to the
transform (2) as a matrix-valued distribution function σ(s), s ∈ R, of the dimension
nσ := m such that the operator Vσ : L2H (I, Cn ) → L2 (σ; Cm ) deﬁned by (Vσ f )(s) :=
f(s), f ∈ L2H (I, Cn ), is an isometry (resp. a partial isometry with the minimally possible
kernel). Moreover, we ﬁnd the minimally possible dimension of a spectral function and
parameterize all spectral and pseudospectral functions of every possible dimension nσ . In
the case N+ = N− such a parametrization is given by the Redheﬀer transform
mτ (λ) = m0 (λ) + S(λ)(C0 (λ) − C1 (λ)Ṁ (λ))−1 C1 (λ)S ∗ (λ),

λ ∈ C+

(3)

and by the Stieltjes inversion formula
1
δ→+0 ε→+0 π

στ (s) = lim lim



s−δ
−δ

Im mτ (u + iε) du.

(4)

for the Nevanlinna matrix-function mτ (λ) (the m-function of the system). Here m0 (λ), S(λ)
and Ṁ (λ) are matrix-valued coeﬃcients deﬁned in terms of respective matrix solutions of
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the system and τ = {C0 (λ), C1 (λ)}, λ ∈ C+ , is a Nevanlinna pair (a boundary parameter)
satisfying the following admissibility conditions:
lim 1 (C0 (iy)
y→∞ iy

− C1 (iy)Ṁ (iy))−1 C1 (iy) = 0,

1
Ṁ (iy)(C0 (iy)
y→∞ iy

lim

− C1 (iy)Ṁ (iy))−1 C0 (iy) = 0.

(5)

With a certain modiﬁcation the parametrization (3), (4) holds in the case N+ = N− as
well.
Assume now that N− ≤ N+ = n (this means that N+ is maximally possible). For this
case we deﬁne the monodromy matrix B(λ) as a singular boundary value of the matrizant
Y (t, λ) at the endpoint b and parameterize all spectral and pseudospectral functions σ(·)
of any possible dimension nσ by means of the linear-fractional transform
mτ (λ) = (C0 (λ)w11 (λ) + C1 (λ)w21 (λ))−1 (C0 (λ)w12 (λ) + C1 (λ)w22 (λ))
and formula (4). Here wij (λ) are the matrix coeﬃcients deﬁned in terms of B(λ) and
τ = {C0 (λ), C1 (λ)} is the same as in (3); moreover, the admissibility conditions (5) can be
written as
lim 1 w1 (iy)(C0 (iy)w1 (iy)
y→+∞ iy

+ C1 (iy)w3 (iy))−1 C1 (iy) = 0

lim 1 w3 (iy)(C0 (iy)w1 (iy)
y→+∞ iy

+ C1 (iy)w3 (iy))−1 C0 (iy) = 0

It turns out that the matrix W (λ) = (wij (λ))2i,j=1 has the properties similar to those of
the resolvent matrix in the extension theory of symmetric operators.
The speciﬁed results develop the results by Arov and Dym; A. Sakhnovich, L. Sakhnovich
and Roitberg; Langer and Textorius.
The second part of the talk is devoted to the classical vector-valued Fourier transform


eits f (t) dt.
(6)
f (s) =
R

of the vector-valued function f (t). Assume that I = {I1 , I2 , . . . , In } is a system of intervals
 the set of all vector-functions
Ij = aj , bj , −∞ ≤ aj < bj ≤ ∞. Denote by L2 (R, Cn ; I)

such that


R

f (t) = {f1 (t), f2 (t), . . . , fn (t)}(∈ Cn ),

t ∈ R,

||f (t)||2 dt < ∞ and support of a coordinate function fj lies in Ij . For each

 with compact support equality (6) deﬁnes the vector-valued
function f ∈ L2 (R, Cn ; I)
Fourier transform f : R → Cn of f . A matrix-valued distribution function σ : R → Cn×n
will be called a spectral function for the vector-valued Fourier transform (6) (with respect
 if the following Parseval equality holds:
to I)



(dσ(s)f(s), f(s)) =
||f (t)||2 dt, f ∈ L2 (R, Cn ; I).
R

R

58

Mogilevskii V.

 = SFn (I1 , I2 , . . . , In ). If
The set of all such spectral functions we denote by SFn (I)
 then for each f ∈ L2 (R, Cn ; I)
 the inverse Fourier transform is
σ(·) ∈ SFn (I),

f (t) = χI (t) e−its dσ(s)f(s),
R

where χI (t) = diag(χI1 (t), χI2 (t), . . . , χIn (t)) (χIj is the indicator of Ij ).
In the particular case n = 1 system I consists of a unique interval I = a, b and equality
(6) deﬁnes the classical C-valued Fourier transform f of a scalar function f ∈ L2 (R) with
support belonging to a, b (the set of such functions we denote by L2 (R; a, b ). The set
SF ( a, b ) of spectral functions for this transform consists of scalar distribution functions
σ(·) such that the Parseval equality


|f(s)|2 dσ(s) = |f (t)|2 dt, f ∈ L2 (R; a, b )
(7)
R

R

holds; moreover, the inverse Fourier transform is

f (t) = χI (t) e−its f(s) dσ(s).

(8)

R

A parametrization of the set SF ([0, b]) in the case of a compact interval [0, b] is given
by the following theorem.
Theorem 1. Let 0 < b < ∞. Then the equalities
i e−iλb + ϕ(λ)
·
, λ ∈ C+
2 e−iλb − ϕ(λ)
s−δ
1
σϕ (s) = lim lim
Im mϕ (x + iy) dx
δ→+0 y→+0 π
mϕ (λ) =

−δ

establish a bijective correspondence σ(s) = σϕ (s) between all holomorphic functions
ϕ(λ), λ ∈ C+ , with |ϕ(λ)| ≤ 1 and all scalar spectral functions σ(·) ∈ SF ([0, b]).
In the case ϕ(λ) ≡ 1 the spectral function σϕ (s) is a jump function and equalities (6)
and (8) give an expansion of a function f ∈ L2 (R; [0, b]) into the Fourier series on [0, b]. In
1
the case ϕ(λ) ≡ 0 one has σϕ (s) = 2π
s and equality (8) turns into the classical inverse
Fourier – Plancherel transform of a function f ∈ L2 (R; [0, b]). Moreover, according to
Theorem 1 there exist inﬁnitely many spectral functions σ(·) ∈ SF [0, b]. At the same time
we show that in the case I = R the set SF (R) consists of the unique spectral function
1
σ(s) = 2π
s and equality (7) turns into the classical Parseval equality


2
1

|f (s)| ds = |f (t)|2 dt,
2π
R

R

which holds according to the Plancherel theorem.
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A parametrization of spectral functions σ(·) ∈ SF2 ([0, ∞), (−∞, 0]) is given by the
following theorem.
Theorem 2. Let CR be the set of all complex-valued functions F on R admitting the
representation
F (x) := lim K(x + iy) (a.e. on R).
y→+0

with a holomorphic function K(·) deﬁned on an upper half-plane C+ and satisfying
|K(λ)| ≤ 1, λ ∈ C+ . Then the equalities


 s
1
F (x)
1
ΣF (x) =
ΣF (x) dx
(9)
, x ∈ R, and σF (s) =
1
2π F (x)
0
give a bijective correspondence σ(·) = σF (·) between all functions F ∈ CR and all spectral
functions σ(·) ∈ SF2 ([0, ∞), (−∞, 0]).
Theorem 2 shows that each spectral function σ(·) ∈ SF2 ([0, ∞), (−∞, 0]) is absolutely
continuous with the matrix density ΣF (x) deﬁned by the ﬁrst equality in (9).
 for other classes of I.

We parameterize also spectral functions σ(·) ∈ SFn (I)
The results of the talk are partially speciﬁed in [1], [2].
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Abstract. A new notion in frame theory has been introduced recently that called
woven frames. Woven and weaving frames are powerful tools for preprocessing signals and
distributed data processing. Also, the purpose of introducing fusion frame or frame of
subspace is to ﬁrst construct local components and then build a global frame from these.
This type of frames behaves as a generalization of frames. Motivating by the concepts of
fusion and weaving frames, we investigate the notion woven fusion frames and study some
of their features.
Keywords: Frame; Fusion frame; Weaving frame; Woven frame; Woven fusion frame.

1

Introduction

Frames are generalizations of orthonormal bases in Hilbert spaces. A frame, as well as an
orthonormal basis, allows each element in Hilbert space to be written as an in ﬁnite linear
combination of the frame elements so that unlike the bases conditions, the coeﬃcients
might not be unique. Also fusion frames is a generalization which were introduced by
Cassaza and Kutyniok [3] in 2004 and were studied in variety of papers. The signiﬁcance
of fusion frame is the construction of global frames from local frames in Hilbert space.
In recent years, Bemrose et al. introduced weaving frames [1]. This notion studied by
researchers in a lot of papers [1, 2, 5]. From the point of view of its introducers, weaving
frames are powerful tools for preprocessing signals and distributed data processing. By
the concepts of fusion frames and weaving frames, we investigate the notion of woven
fusion frames and study some behaviors in this paper, that is, we review some properties
of fusion frames on weaving and conversely.
Throughout this paper H is a sparable Hilbert space. Also, [m] shows the natural
numbers {1, 2, 3, ..., m}.
Deﬁnition. A family {fi }i∈N ⊂ H is a frame for H, if there exist constants A, B > 0
such that:

Af 2 ≤
| f, fi  |2 ≤ B  f 2 ; ∀f ∈ H.
(1)
i∈N

The constants A and B are called the lower and upper frame bounds respectively. The
frame {fi }i∈N is tight if A = B and Parseval frame if A = B = 1. The sequence {fi }i∈N is
60
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called Bessel sequence, if satisﬁes the upper inequality in (1). For the Bessel sequences
{fi }i∈N , the analysis operator U : H −→ l2 (N) is deﬁned by U (f ) = {f, fi }i∈N for all
f ∈ H. The adjoint of analysis operator named synthesis operator and

T : l2 (N) −→ H s.t T {ci } =
ci fi ; ∀ {ci } ∈ l2 (N) .
i∈N

By combination of synthesis and analysis operators, we deﬁne the frame operator S for all
f ∈ H:

f, fi  fi , ∀f ∈ H.
S : H −→ H s.t S(f ) = T U (f ) =
i∈N

The operator S is bounded, positive, self-adjoint and invertible [4].
Deﬁnition. Let {νi }i∈N be a family of weights such that νi > 0 for all i ∈ N. A family
of closed subspaces {Wi }i∈N of a Hilbert space H is called a fusion frame for H with respect
to {νi }i∈N , if there exist constants A, B > 0 such that:

νi2 PWi (f )2 ≤ Bf 2 ; ∀f ∈ H.
(2)
Af 2 ≤
i∈N

PWi is the orthogonal projection of a Hilbert space H onto subspace Wi . Constants A
and B are called the lower and upper fusion frame bounds respectively. {Wi }i∈N is called
tight fusion frame with respect to {νi }i∈N , if in (2) the constants A and B are equal and
is called a Parseval
fusion frame if A = B = 1. We say {Wi }i∈N an orthonormal fusion
basis for H if H = i∈N Wi . If we have only the upper bound, we call {Wi }i∈N a Bessel
sequence of subspaces with respect to {νi }i∈N with Bessel bound B.

2

Woven-Weaving frames

In this section, we mention to deﬁnition of woven and weaving frames in Hilbert spaces.
Deﬁnition. Let F := {fij }i∈N for j ∈ [m] be a family of frames for the separable
Hilbert space H. If there exist universal constants A and B such that for every partition
{σj }j∈[m] , the family Fj := {fij }i∈σj ,j∈[m] is a frame for H with bounds A and B. Then F
is said a woven frame and for every j ∈ [m], the frame Fj is called weaving frame.
Example. Let {ei }2i=1 be standard basis for Euclidean space R2 . Also F and G are
given by:
F = {f1 = (1, 2), f2 = (2, 1), f3 = (2, 3)}
and
G = {g1 = (1, 0), g2 = (0, 1), g3 = (3, 1)} .
By a simple calculation, it is easy to see that both F and G are frames and
9f 2 ≤

3


| f, fi  |2 ≤ 14f 2 ;

∀f ∈ R2

| f, gi  |2 ≤ 10f 2 ;

∀f ∈ R2 .

i=1

and
2f 2 ≤

3

i=1
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By getting σ = {1, 2}, the family {fi }i∈σ={1,2} {gi }i∈σc ={3} is frame with lower and upper

bounds 6 and 14, respectively. Similarly for every σ ⊂ {1, 2, 3}, {fi }i∈σ {gi }i∈σc is frame.
Then {fi }3i=1 and {gi }3i=1 are woven frames.

3

Woven-Weaving fusion frames

By using the ideas of fusion and woven frames, we deﬁne the notion of woven fusion
frames. Also we review some of its properties. Deﬁnition. A family of fusion frames
{Wij }∞
i=1 , j ∈ [m] with respect to weights {νij }i∈N,j∈[m] is said to be woven fusion frames
if there are universal constant A and B so that for every partition {σj }j∈[m] of N , the
family {Wij }i∈σj ,j∈[m] is a fusion frame for H with lower and upper frame bounds A and B.
Each family {Wij }i∈σj ,j∈[m] is called a weaving of fusion frame.
[] From hereafter, we use brieﬂy W.F.F instead of the statement of woven fusion frame.
Theorem. For each i ∈ N, let νi , μi > 0 and {fij }j∈Ji and {gij }j∈Ji be frames in H
with frame bounds (Afi , Bfi ) and (Agi , Bgi ) respectively. Deﬁne:
Wi = spanj∈Ji {fij }

,

Vi = spanj∈Ji {gij }

∀i ∈ N

and choose an orthonormal basis {eij }j∈Ji for each subspaces Wi and Vi . Suppose that:
0 < Af = inf Afi ≤ Bf = sup Bgi < ∞
i∈N

i∈N

and
0 < Ag = inf Agi ≤ Bg = sup Bgi < ∞.
i∈N

i∈N

Then the following conditions are equivalent:
(i) {νi fij }i∈N,j∈Ji and {μi gij }i∈N,j∈Ji are woven frames.
(ii) {νi eij }i∈N,j∈Ji and {μi eij }i∈N,j∈Ji are woven frames.
(iii) {Wi }i∈N and {Vi }i∈N are W.F.F with respect to weights {νi }i∈N , {μi }i∈N respectively.
Theorem Assume that {Wi }i∈N and {Vi }i∈N be fusion frames with weights {μi }i∈N
and {νi }i∈N respectively. If {Wi }i∈N and {Vi }i∈N are W.F.F and T is a self-adjoint and
invertible operator on H, such that T ∗ T (W ) ⊂
 W , for every closed subspace W of H.
Then for every σ ⊂ N, the sequence {T Wi }i∈σ {T Vi }i∈σ
c is a fusion frame with frame
operator T Sσ T −1 where Sσ is frame operator of {T Wi }i∈σ {T Vi }i∈σc , i.e. {T Wi }i∈N and
{T Vi }i∈N are W.F.F.
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